SIGN CHANGING SOLUTIONS OF LANE EMDEN PROBLEMS WITH 
INTERIOR NODAL LINE AND SEMILINEAR HEAT EQUATIONS 
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Abstract. We consider the semiUnear Lane Emden problem 

-Au = \u\P-^u inn , , 

u = ondn ^ 

where is a smooth bounded simply connected domain in M^, invariant by the action 
of a finite symmetry group G. 
( <~>) We show that if the orbit of each point in il, under the action of the group G, has 

cardinality greater than or equal to 4 then, for p sufficiently large, there exists a sign 



changing solution of (£p) with two nodal regions whose nodal line does not touch dfl. 
O This result is proved as a consequence of an analogous result for the associated parabolic 

problem. 

m 
(N 

Oh 1. Introduction 

• We consider the semilinear elliptic problem 

g f -Au = \u\P-^u in Q 

where f2 C is a smooth bounded domain and p > 1. 

> 

2 In this paper we address the question of the existence of sign changing solutions of [Sp] 



^ with two nodal domains and whose nodal line does not touch dil. By this we mean that, 

^ denoting by 

O Zp = {xen, Up{x) = 0} (1.1) 

the nodal set of Up, then Zp fl dQ = 0. 

Obviously if is a ball such a solution exists for any p > 1, just considering the least 



^ energy nodal radial solution of (£p). Moreover, by symmetry considerations, it has been 

^ proved in [3] that the radial one is not the least energy nodal solution in the whole space 

Hq{Q) and that it has Morse index at least three (actually at least four). 
Thus it is natural to ask whether a sign changing solution with an interior nodal line 
exists for other domains. 
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By imposing some symmetry on we are able to prove the following theorem, assuming, 
without loss of generality, that the origin O E Q. 

Theorem 1.1. Assume that Q is simply connected and invariant under the action of a 
finite group G of orthogonal transformations of M? . If \Gx\ > 4 for any x E Q \ {O}, 



then, for p sufficiently large (£p) admits a sign changing G-symmetric solution Up, with 



two nodal domains, whose nodal line neither touches d^l, nor passes through the origin. 

In the above statement by \Gx\ we mean the cardinality of the orbit of the point x under 
the action of the group G. 

Remark 1.2. Note that by Theorem 3.4 o/ |2] the above hypothesis on the group is equiv- 
alent to ask that G = Ch or G = for some h > 4, where Ch is the cyclic group of order 
h generated by a rotation of ^ and is the dihedral group of order 2h, generated by a 
rotation of ^ and a reflection about a line through the origin. 



The point of view taken in this article to prove Theorem 1.1 is to study an initial value 
problem for the associated semilinear heat equation and prove that, for p large, it is 
possible to construct an initial datum for which the solution is global (in time), changes 
sign (at every time) and the corresponding w-limit set is nonempty and consists of solutions 



of {£p) having the desired properties. 



More precisely we consider the semilinear parabolic problem 

Vt — Av = \v\^^^v in i7 X (0, +oo) 

v = ondQx [0, +oo) (Vp) 

f (■, 0) = f in f2 

and prove the following result. 



Theorem 1.3. Let the domain n and the group G be as in Theorem LJ_. Then there 
exists po > 1 such that for any p > po there exists a G-symmetric function vq = Vp^ G 



Hq^Q) having two nodal domains such that the corresponding solution Vp{x,t) of (Vp) is 



global, sign changing for every fixed t, the u-limit set uj{vq) is nonempty and any function 



Up E co{vo) is a G-symmetric nodal solution of (£p) with two nodal domains and whose 



nodal line neither touches dil, nor passes through the origin. 



Obviously the result of Theorem 1.1 follows from Theorem 1.3 



The are several motivations to choose the parabolic approach. A first one is that, the 



study of (Vp) and, in particular, the analysis of qualitative properties of the solutions of 



(Vp) is interesting in itself. Another one is to show that the sign changing solution of (£p) 



that we get in Theorem 1.1 arises as a natural evolution, by the heat flow, of a suitable 
"initial" function that we construct. 



Moreover we believe that the two problems (£p) and (Vp), which most of the time are 



analyzed in independent ways, have several common features. 



One of the important steps in proving Theorem 1.3 is the choice of the initial datum Vp^, 



To do this we select a proper linear combination of the positive radial solution of (£p) in 
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the annulus 

Ap,„ := {x G : e""^ < \x\ < b} C Vl (1.2) 



and the negative radial solution of (£p) in the ball 



{xeR^ : |x| < e-"P} C n (1.3) 



for a > and b > suitable chosen. We obtain in this way a function Vp^ which is 
G-invariant, has two nodal regions and the nodal line does not intersect dQ. 



Then to prove that the trajectory starting from Vp^ ends up with a solution of (£p) having 
the same properties a good estimate from above of the energy of Vp^, for p large, is crucial. 
This is a delicate and nontrivial point of the proof (see Proposition 2.2[ ). It allows to prove, 



together with an estimate from below of the energy in each nodal region, and with the 
assumption on the symmetry group, namely \Gx\ > 4, Vx G \ {O}, that if the nodal 
line of the solution Up in w(fp,o) touched the boundary or passed through the origin then 
too many nodal regions would be created and so the energy of Up would exceed that of 
Vpfi which is not possible. 



For this last step as well as to show that the solution Vp{x^t) of [Vp] does change sign, 
Vt > 0, some topological argument is needed. 

We point out that a stronger result would be to show that along the trajectory, i.e. 
V t G (0, +oo) the solution Vp{x,t) has always two nodal regions and its nodal line does 
not touch the boundary or passes through the origin. We believe that this should be true 
(for energy reasons!) but we are not able to prove it at this stage. 

We also remark that the same energy estimates for Vp,o that we obtain here show that. 



under the same assumption as in Theorem 1.1, the least energy nodal solution in the 



subspace H'^ of Hq{Q) of G- invariant functions has two nodal regions and the nodal line 
neither touches the boundary nor passes through the origin, if p is sufficiently large. We 
observe that for this minimality property some assumption on the action of the symmetry 



group G is needed. Indeed in 2-dimension the least energy nodal solution of (£p) in the 
ball has a symmetry hyperplane (see [H [12j) but the nodal line touches the boundary 

Another important issue is to have information about the Morse index m{up) of the 



solution constructed in Theorem |1.1[ As mentioned before for least energy nodal radial 
solution in the ball the Morse index is at least three ([3]). By using the same ideas as in 
[3], under an additional hypothesis on the symmetry group we also get that m{up) > 3. 

Theorem 1.4. Under the same assumptions of Theorem \l.l\ if G contains a reflection 
with respect to a line T through the origin (namely G = D^, for some h > A) and Q is 
convex in the direction orthogonal to T , then m{wp) > 3, where Wp is any G-symmetric 



solution of (£p) whose nodal line does not touch the boundary ofVt. 



Finally it would be interesting to study the asymptotic behavior as p — >■ oo of the solutions 
constructed in Theorem |1.1[ In view of the geometric properties of our solutions we 
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believe that the behavior should be similar to that of the radial solutions in the ball 
studied in [7]. We plan to analyze this question in a future paper. 

Further comments will be delayed to the specific sections. 

The outline of the paper is as follows. In Section[2]we define the functions used to construct 
the initial datum and prove the crucial energy estimates. In Section |3] we recall some known 
properties of the semilinear heat flow and prove a preliminary result about sign changing 



solutions of (Vp). Finally in Section we prove Theorem 1.3 and Theorem 1.4 



2. Energy estimates 
Let us consider in the Sobolev space Hq{Q) the Nehari manifold 

K--={^^H'oi^)\{0}:Wu\\l = \\urpXl} 
and the energy functional 



associated to problem (£p), for p > 1. 



We start with a simple lemma. 

Lemma 2.1. Let Ui,U2 G Afp, supp Ui fl supp U2 = 0. Then 

Ep{tiUi + t2U2) < Ep{ui) + Ep{u2) for all ti, t2 G M. 



Proof. 



..1 _ r«l II HP+l 
'^i\\2 I 1 ll'^«llp+l 



P+l 



EpihUi + t2U2) = Ep{tiUi) + Ep{t2U2) = 5^ ( ^11^ 

1=1 ^ 



□ 



Now let us denote by a ball centered at the origin with radius 6 > such that Bi, d Vt 
and consider the annulus 



and the ball B„^a defined in (1.2) and (1.3) 



The following proposition plays a crucial role in proving our results. 



Proposition 2.2. For a > let Up,i,Q, be the unique positive radial solution to {£p) in A, 



and Up^2,a be the unique positive radial solution to [Sp] in 
and for any e > there exists p^ such that for p > Pe 

g2Q-l 

pEpiupXa) < 47re h e, 

a 



Then u 



p,l,o ) Up^2,a 



pEp{up,2,a) < 47re^°+i + e. 



Remark 2.3. The estimates given in Proposition 2^ are accurate and give a sharp upper 
bound on the minimal energy of G-invariant sign-changing functions in Mp, as needed to 
prove our results. Their proof is long and technically complicated and therefore we postpone 
it to the end of the section. However even a rough estimate of the minimal energy seems 
not easy to get. 

Corollary 2.4 (Energy upper bound). 

There exists a > such that for any e > there exists p^ such that 

pEpitiUp^i^a + ^2Mp,2,a) < 4.97 ■ ine + e for all ti, ^2 G for p > Pe- 
Proof. Let a > 0, since Upia & J^p, i = 1,2 and supp Upia H supp 2 « = 0, by Lemma 

pEp{tiUp^l^a + t2Up^2,a) < pEp{ ) + pEp{up^2,a) for all ti, t2 e R. 

We denote by a the point of minimum in (0, +00) of the scalar function f{a) := ^ +e^". 



Let e > 0, using Proposition 2.2 one has for p > p, 



pEp{up^i a) + pEp{up^2,a) = 4:716 mm f{a) + e < A-ne f (h) + e < 4.97 ■ Ane + e. 

a>0 



□ 



Proposition 2.5 (Energy lower bound). Let {up)p be a family of nodal solutions of prob- 



lem {Sp). Then for any e > there exists p^ such that for p > p^, 

pEpiupXDj.) > 47re - e 

where Dp G Q is any nodal domain of Up and xOp is the characteristic function of Dp. In 
particular if Up has k nodal domains then for any e > 

pEpiup) > Mvre — e, 

for p sufficiently large. 

Proof. Since UpXOp ^ A/^ one has that 

pEp{upXDp) > inf (pEp) . 

Alp 

The conclusion follows passing to the limit and observing that 



lim inf pEp = ine (2.1) 
(see p4 Lemma 2.1] and also [E]). □ 



Proof of Proposition 2^. It is enough to prove that 



p 



I Vnp,i,Q,|^ dx < 



a 



+ Op[l) 



as p — > +00, 



(2.2) 



P / I Vup_2,aP dx = Sire ■ e^" + Op(l), as p — )■ +00. 
Indeed, since Up^i^a £ A/^, "^ = 1,2, one has that 

pEp{up^i^a) = P Q ~ pTl) < ^Pl|VMp,i,a||2, for any p > 1. 



STEP 1: we prove (2.2) 



It is easy to see that Up^i^a = cup ^ Zp, where Zp is a minimizer for 



inf 



M G Hl^{Ap^^) ( r 



uP 



+1 



2 

p+i 



and ap = /^^^ | Vzp|V /^^^ zP+\ Hence one has 



P / |Vup,i,Q,|^(ia; = pap ^ / \Vzp\'^dx = p 



-. p+l 

p-i 



L 



p+i \ 

A 



< P 



-1 



p+1 \ P+i 



where Up, introduced in [6], is defined as follows: 



UJp{x) = iOp{\x\) 



ap + log |x| e < \x\ < 62 e 2°p 

b_ 
\x\ 



ap + log6] log A < |x| < 6 



Since 



\Vujp\'^dx 



[ap + log 6)2 



-dr 



<,TT 



e-ap 



ap + log b ' 



we get 



To estimate Mp^a,b one needs to compute or at least to control 
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2P+2 



TT 



{ap + log6)P+^ 
(ap + log6)P+i 



I log^'+^(e°^'r)rrfr+ / log' 



r 







2,p,a,b 



/ r log*""^^ rdr + b"^ r log^+^ - 

Ji A-3e-2-f r 



-2ap 



This is easier if p G N because one can compute explicitly the two integrals. Indeed for 
n e N we have 



n+l 



2n+2 



IT 



-2an 



(an + log 

and so iterating {n + l) times the following integration by parts 



/ rlog"+^r(ir + rlog"+Vdr 

(2.5) 



f J k , ( 4^og^ s - ^ f sloq''~^ds A; = 2, ...,n+l 

/ slog^sds = \ s^-' ' ' 

J { %logs-^ k = l 

and observing that log'^ fo'se"^""" 



;-l)Mogn5e5'"" 



2k 



an + log b) we get 



-2an 



n+l 



1 n+l J e-°"6(n + l)! 
r log"+^ r c?r = ^^^^3^ ^ Z^(-l) 



(an + log b) 



n+l-k 



2n+2 



ifc=0 



(n + 1 - A;)! 



+(-ir- 



-2«n 



(n + l)! 



2"+2 



^ A-ie-i'^" ^ 2«+2 (n + l -A;)! ^ 2"+2 



So substituting into (2.5) and denoting by [t] the integer part of a number t G M, 
e-""6(n + l)!7r ^i^.. . (an + log 6)"+^-'= (n+l)!7r 



, ,n+l 



(an + log 6)"+i ' ^ {n + l-ky. (an + log fe)-+i ' ^ 

, e— % + l)!7r ^ (an + log &)-^- ^ (n + l)!7r ^ 
'(an + log 6) ^ (n-2m)! (an + log 6)"+i ^ ^ 

o e-""fe(n+l)!7r ^-t (an+log fe)"-^" , (n+l)!7r ( 2an , ;,2\ ^pvpn 
^(an+logfe)"+i Z^m=0 (n-2m)! (an+log " J ?4 eveii 



n-l 



^ e-""fe(n+l)!7r (an+logfe)"-2'" (n+l)!7r /,2 ^~2anN „„JJ 

^(«n+logb)"+l Z^m=0 (n-2m)! («n+log '^^ ) U UUU 
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, e-""b(n+l)!7r v^f (an+logfe)^'' (n+l)!7r ( -2an , ^,2^ 

'(ari+logfe)"+i ^/i=0 (2/1)! (on+log v'^ J 



n even 



o e-""&(n+l)!7r V (an+log (n+l)!7r _ ^-2an 



(a?i+logfe)"+i /-^/i=0 (2h+l)! ^ (cm+logfe)"+ 



_(^2_g-2an^ n odd 



2 e-""&(n+l)!7r 
(an+log6)"+i 



+00 (an+logb) 
2 



-ii±^ (2ft)! 



+ 



(n+l)!7r ( ^-2an , 1,2 



(an+log 



e + 6 ) n even 



-2 



e-""b(n+l)!7r 
(an+log 



^g-cin_^-lg-an (cm+log + l 



EH-oo 



" 2 



(2/1+1)! 



+ 



(n+l)!7r „-2Qn 



(an+log b)"+i 



(62 - e- 



n odd 



e~°"fe(n+l)!7r v^+oo (an+log b)^ 



— V+ 

' (an+log 6)"+i Z^h=^ (2/i)! 



n even 



o e-""fe('^+l)!^ Y^+oo (an+log 6)^'^+! „„Hrl 
^ (an+log b)"+l Z^/i=Ii±i (2/1+1)! 'i UUU 



^ ^e-°"6(n + l)!7r (an + log ^ e-"'^6(an + log 6) 

> 2- -T — : — = 2tt — 



(an + log6)"+i (n + 2)! 



(n + 2) 



From the latter estimate and (2.4) we immediately deduce that 

hm Mn^a,b > • 

n-s>+oo a 



(2.6) 



In general, for p G M, p > 1, we can rewrite Mp^a,b as follows 



P 



p+l 



2a 



p+l 



jQ,(p-l) \ p-1 



aP- 



(ap + log6)P+i/^ 



A 



P+l \ p-i 



(87r)p-ie2" /e°^p-i /^^log6^p-i 



2 P+l 



(2.7) 




By virtue of (2.6), we know that lim„^+oo Qn,a,fe > 1, thus if we show that, for p G M, 



Qp,a,b 1 we are done. 



To do so we write Qp,a,b in a more explicit form 



Qp,a,b ^ 



pPaP 



logP+^e^^r) r dr + [ \ogP+\-) rdr 



(2. 



and we claim that for p sufficiently large 

d 



dp 



{Il,p,a,b + l2,p,a,b) > 0. 



(2.9) 



Once (2.9) is established the thesis follows easily. Indeed for p^ 1 

ga[p] 2 b] +2 



Qp,a,b ^ ^ 



([p] + l){[p]+i)a([p]+i) 

1 / [p] 
> Q^^,^, min{l, -} ^— 



+ h,p,a,b 



1 



b] + i 



and so 



{.Qp,a,b)''~^ > {Qiplcx^b)"-^ (min{l,-} 



a' 



r 1 \ ^ 
[p] \ 



1 \ 



1. 



Finally it remains to prove (2.9). 
Differentiating we obtain: 



d 
dp 



h,p,a,i 



s=e^''r 



d 

dp 



-2ap 



logP^\s)sds 



-2ap 



-2a 



bheh°'P 



logP^\s)sds + ^abe^^i^ap + ^ logbf^' 



log^~^^{s) log(log(s)) sds 



2P+2 



fybp~'^P 

-{ap + \ogby+' + e-^''P 



2P 

abe-'^P 



bhe^°'P 



{ap + log b)P+^ + {p + l)ae-2"P / logP(s) s ds 

logP+^(s) log(log(s)) s ds 
log^^^(s) log(log(s)) sds 

(2.10) 



2P+2 

+ (p+l)ae-2°P 



(ap + log6)^'+i + e-2"P 

log^(s) s ds; 



dp 



abe-^P 
2P+2 

2P+2 



(aj9 + log6)P+^+ /" logP+^(-)log(log(-)) rdr 

Jbh-h'-p r r 



{ap + \ogb)P+^ + b'^ 



log^+^(s)log(log(s))^rfs.(2.11) 



1 
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Then 



dp 



{h,p,a,b + l2,p,a,b) = r\0gP^\s)\0g{\0gis)){e-'"'Ps+^-^)ds 

Jl ^ 



/ log^+'(s) log(log(s))(e-2"Ps + -)ds 

J e ^ 



+ 



■.B 



\og^{s)sds 



(2.12) 



:C 



Let us estimate separately, for p large, the three terms appearing above in formula (2.12). 



A 



B 



> 

t=log(s) 



JP+ie*<e,te[0.1] 
> 



> 



P>1 
> 



e-2°P + 62) / logP+i(s)log(log(s))ds 



(e-2°P + 62) /" tP+ilog(t)e*dt 
Jo 

(e-2"P + 52^ / \og{t)dt > -26^6; 



(2.13) 



log^+^(s)log(log(s))^(is 



1 

6' log(2) / \ogP+\s)^ds 

6^ log(2) / logP+V-) rdr 

ip-2 r 



> 



> 



log(2) /" 2P+^-e-2rfr > log(2) €"^2^'-^; (2.14) 



0. 



(2.15) 



At last collecting estimates (2.13), (2.14) and (2.15) it is immediate to see that for any 



a > 0, for any 6 > and for any p sufficiently large 

d 



dp 



The proof of (2.2) is thereby complete. 



STEP 2: proof of (2.3). 
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Since Up^2 is radial we define Up^2{^) := Up^2{\A)-: ^^^^ 'Up,2('^) = ep^Wp(re°^) where Wp is 

the unique positive solution of —Am = in the unit ball -Bi(O). 

1 

It is easy to see that Wp = ap~^ Zp, where Zp is a minimizer for 



Lp .- 



inf 

u ^ 



(0) 



p+1 



and ap = /b^(o) I^^pI"^/ /bi(o) '^p^^- Hence from [U Lemma 2.1] (see also [E]) it follows 
that 



'Bi(O) 

namely 



Vwpl c/x = pap / |V-2p| dx = p 



/bi(0) I^^pI 



p+1 
p-1 



p+1 \ p+1 

Bi(0) 



p+1 

^ p-5>+oo 



As a consequence 



p 



4ap 



□ 



3. A PRELIMINARY RESULT ON THE PARABOLIC PROBLEM 



We start by recalling some well known facts about the parabolic problem [Vp). This 
problem has been extensively studied in the last years by many authors, we refer to the 
monograph [13] for more results and further references. 

Here Q is any smooth bounded domain in (but similar results hold also in M", n > 2 
with obvious changes). 

Let X := Wo'^in) with g > 2 and F := {m G C\U) : u\Qn = 0}, then Y ^ X ^ {u e 
C°(n) : u\gn = 0} (where the second inclusion is just the Sobolev embedding since q > 2). 



We first consider the local solvability of {Vp) (see [131 Appendix E]): 



Proposition 3.1. For every vq G X the IBVP [Vp] has a unique solution v{t) = (p{t,Vo) G 
C{[0,T),X) with maximal existence time T := T{vq) > which is a classical solution for 
tG (0,T). 

The set Q := {(t, fo) : t G [0, r(t>o)), fo G X} is open in [0, oo) x X, and ip : Q X is a 
semiflow on X. 
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Moreover the following continuity property with respect to the initial datum in stronger 
norm holds (see for instance [131 Appendix E]). 

Proposition 3.2. For every vq & X and every t G (0,T(fo)) there is a neighborhood 
U C X of Vq in X such that T{v) > t for v E U, and ip{t, ■) : {U, \\ ■ \\x) (Y, \\ ■ ||y) is a 
continuous map. 



In the sequel we will often write if^{v) instead of (f{t,v). 



Observe that the nonlinearity in (Vp) is odd, hence by uniqueness it follows that the map 
X 3 V if^iy) is odd. 



For a classical solution v of [Vp], it is easy to show that ^Ep{v) = —\\vt\\l, hence Ep is 
strictly decreasing along nonconstant trajectories 1 1— )■ ip{t,vo) in X, namely the energy is 
a strict Lyapunov functional. 

As a consequence, since is a strict local minimum for Ep, it follows that the constant 
solution f = is asymptotically stable in X. Let A* be its domain of attraction, i.e. : 

Al:= {v e X : T{v) = +oo and !f{t, t;) in X as t ^ oo}. 



The asymptotic stability of 0, the semiflow properties of solutions of (Vp) and the continu- 
ous dependence of solutions on initial data imply that the set A* is an open neighborhood 
of in X. 

Let dAp denote the boundary of the set A* in X with respect to the X-topology. 
Since A* is open and is asymptotically stable, the continuous dependence of the semiflow 
if on the initial values implies that dA* is positively invariant under cp. Moreover it is 
invariant with respect to the antipodal symmetry x t— )■ —x (since v t— )■ (p^{v) is odd). 

We also recall the following global existence result (see [I3l Appendix G] for the definition 
and properties of the cu-limit set and also [S] for a similar result) 

Proposition 3.3. Let vq E OA*. Then 

i. T(t>o) = oo and for every 6 > the set {(y9*(t>o) : t > 6} {g OA*) is relatively 



compact in Y 
ii. the u-limit set 



(^o) := n dosy {{^{s, vo) : s> t}) C dA^ 



00^ 

t>0 



is a nonempty compact subset ofY consisting of solutions of (£p). 



Now, using a topological argument based on the Krasnoselskii genus we prove the exis- 
tence of a nodal solution for the parabolic problem (Vp) (see Theorem 3.11 below). This 
preliminary result will be used in Section |4] to prove Theorem L3 
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This approach is quite similar to the one first introduced in [15j (for systems of two 
coupled equations and then used in [TU] for a nonlocal scalar equation) and allows to 
select a special initial value on dA* for which the corresponding solution has the desired 
properties. Observe that here, unlike [151 HH] we are not working in a radial setting. In 
particular we cannot use the "zero number property" (which is satisfied by radial solutions, 
see [131 Appendix F]) and which is at the core of the Wei-Weth topological approach, but 
we use only the maximum principle for parabolic equations. For this reason we cannot 
obtain at this stage any additional information on the number of nodal domains along 
the flow (unlike [151 110] where the exact number of nodal domains is established). 
Indeed to get the result about the number of nodal regions of the functions in the w-limit 
set we will use, in the next section, the action of the group G and the energy estimates 
of the previous section. 

For a closed subset B C OA*, invariant with respect to the antipodal symmetry, we denote 
by 7(-B) the usual Krasnoselskii genus and we recall some of the properties we will need: 

Lemma 3.4. Let A,Bg dA* be closed and invariant with respect to the antipodal sym- 
metry. 

(i) IfAcB, then 7(A) < 7(5). 

(ii) If h : A dA* is continuous and odd, then 7(A) < 7(/i(A)). 

(iii) // S is an invariant with respect to the antipodal symmetry, bounded neighbor- 
hood of the origin in a k-dimensional normed vector space and v : dS — > dA* is 
continuous and odd, then ■j{v{dS)) > k. 



Let Ml, M2 € X, supp uiHsupp U2 = 0, and consider the 2-dimensional subspace Wp{ui, U2) C 
X spanned by the functions ui and U2- Let 

Opiui, U2) := Wp{ui,U2) n Al- (3.1) 

Proposition 3.5. dOp{ui,U2) C dA^ is (symmetric and) compact and 'j{dOp{ui,U2)) > 
2. 

Proof. Since Ep{sui) — t- —00 as |s| — t- +00, z = 1, 2, it is easy to see that 

lim Ep{w) = —00. 

||w||x — ^ +00 

W e Wp{ui,U2) 

We also know that 

Ep{w) > 0, \/we Al, 

hence Op{ui,U2) is a symmetric bounded open neighborhood of in Wp{ui,U2)- As 
consequence dOp{ui,U2) C dA* is compact and, by the property (iii) in Lemma 3. 

7(90p(Mi,M2)) > 2. 



□ 

We now define 

Al := {u e dA*p : u > or M < 0} (3.2) 
Lemma 3.6. Ap is a closed subset of X , is positively invariant and 'y{Ap) < 1. 
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Proof. The closure in X is trivial: since (m„)„ C Ap, Un -^n f in X implies, by Sobolev 
embedding, that Un v uniformly, hence v doesn't change sign, moreover dA^ is closed 
in X. 

The positive invariance follows from the positive invariance of OA^ and from the maximum 
principle for the parabolic equation (see for instance [131 Appendix F]). 
Finally we show that 7(^p) < 1. Since ^ dA^ we have A^ = 5+ U i?_ with disjoint 
subsets B± defined by 

B+ := {u G dAl M > 0,M ^ 0} 
B_ := {uEdAl u<0,u^ 0}. 
B± are relatively open in Ap hence the map 



h:Al^R\{0}, /i(n):=| _} 



u e 

ueB. 



is continuous, moreover it is also odd, and this concludes the proof. □ 
We define also the closed subsets of dAt 



p 



Cj'* ■={vedA;: ip\v) G Al} for t > 0. 

Proposition 3.7. Al C C^-* and 7(Cp'*) = 7(^p) < 1 for every t > 0. 

Proof. The inclusion is a consequence of the positive invariance of A^. Property (ii) in 
implies that 7(Cp^'*) < 1. Indeed 7(Cp^'*) < 7(^*(C:p'*)) since the map : C^'* — ?■ 



Lemma 



3.4 



dAp is continuous and odd, and 'y{ip^{Cp' )) < 1 because of the inclusion if^iCp ) C A}p, 



using (i) in Lemma 3.4 and Lemma 3.6 □ 



In order to prove the main result of this section we need to introduce the following set 

Yi:={ueY : m > or u < 0} (3.3) 



Lemma 3.8. If u E AL is a solution of {Sp), then u G intyiYi 



Proof. Assume without loss of generality that m > in ^2. If by contradiction u G (9Yi, then 
there exists a sequence (m„) (lY\Yi = Y \ Yi {Yi is closed in Y) such that m„ "lt±^ ^ 
y, namely Un "^1^ u in L°°(fi) and ^ "^±°° ^ -^^ L°^{^), i = 1,2. Since for any n G N, 
Un changes sign, then there exists a;„ G such that Un{xn) < 0. Up to a subsequence 
Xn X G 0. and u{x) = 0, thus x G dVl. 

Denoting by i/n the projection of Xn on dQ, by Lagrange Theorem we have UniVn) — 

Un{Xn) = {VUn{C.n),yn - Xn) > 0, with C.n = triVn + (1 " tn)Xn for SOmC t„ G (0, 1). ThuS 

""^^^ X and ^{x) > where u is the outer normal to d^l in x, against the Hopf 
Lemma. □ 

Similarly as in [15] and [10] we use the previous lemma together with the continuity 



property w.r.t. initial data of the solutions of (Vp) (Proposition 3.2) to prove the following 
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Proposition 3.9. Let vq G dA* such that u{vq) fl 7^ and let (f, 

sequence such that t>„ — >„ t>o in X . Then there exist i > and n eN such that 

V5*(fn) € Ap for all t >i,n > n. 



C dAp be a 



Proof. Since uj{vo) consists of solutions of (Sp), Lemma 3.8 implies that uj{vo) ninty (Yi) ^ 



0, where Yi is the set defined in (3.3). By the definition of th e cu- limit set it follows that 
there exists t > such that v^*(uo) £ mty(Fi). By Proposition 3.2 there exists n G N such 



that V9*(fn) G intyiYi) for every n > n. Since OA* is positively invariant, in particular 
(p^{vn) G Al for every n > n. The conclusion follows from the positive invariance of Ap 
(Lemma 3.6 ). □ 



Remark 3.10. We underline that the result in Lemma 3^ in general is not true if one 
substitutes the Y -topology with the X-topology. Fortunately the continuity property in 



Proposition 3.2 holds in the Y-norm. 



Let dOp{ui,U2) and Ap the ones defined respectively in (3.1) and (3.2), we can now prove 
the main result of this section: 

Theorem 3.11. Vp > 1 there exists an initial condition Vp^ G dOp{ui,U2) \Ap such that 
the (global) solution of (Vp) '^pivpfi) G dA* \ Ap, Vt G (0, +00). Moreover 7^ '^(^'p.o) C 
dAp \ Ap. 

Proof. The proof consists in constructing a suitable initial condition Vp^ in dOp{ui,U2) \ 
Ap as the limit of a sequence of initial conditions (f„) suitably chosen (using a genus 
argument). 



More precisely, since by Propositions 3.5 7((9(9p(ui, U2)) > 2 and by Proposition 3.7 



l{Cp) < 1 for every t > 0, we deduce that 7^ dOp{ui,U2) \ Cp'* for every t > 0. In 
particular for any sequence t„ — )■ +00 there exists f„ G dOp{ui,U2) \ Cp'*"(c dA* \ Ap) 
and, since dOp{ui,U2) is compact, we may pass to a subsequence such that Vn — >■ fp,o G 
dOp{ui,U2) C dAp as n — i- 00. Obviously cj(fp,o) C dA*. Similarly as in [TSl HH] we 
now prove that uj^Vp^) C dA* \ Ap. Assume by contradiction that w(fp,o) H ^4], 7^ 0, 

there exist t > and n G N such that (y9*(f. 



than by Proposition 



3.9 



G Al for every 



t > t,n > n, hence (y9*"(f„) G Ap for n sufficiently large, reaching a contradiction. Indeed 
by construction t>„ ^ C^'*", namely (y9*"(t>„) ^ 

Last by the positive invariance of Ap we also have that ipp{vpfl) G dA*\Ap, Vt G (0, +00). 

□ 



4. Proof of Theorem 11.31 



The proof of Theorem |1.3 relies on three main ingredients: the preliminary results in 



Section |3] (in particular Theorem 3.11) (to obtain nodal solutions), the energy estimates 
in Section [2] (to avoid more than two nodal domains in the w-limit) and a geometrical 
argument in the presence of symmetry (to avoid that in the w-limit the nodal line could 
touch the boundary or contain the origin). 
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Before getting started with the proof, we show general lemmas relating the G-invariance 
of Q with the properties of the nodal line and the nodal domains of solutions of problem 



(£p) in fi. In order to clarify and state the results in a rigorous way, let us introduce some 



notations. 



Let G be a finite subgroup of the orthogonal group 0(2) on M , such that \Gx\ > 4 for 



any x G i7 \ {O}. By Remark 1.2 G contains the cyclic group of rotations Ch (for some 



h > 4); in the following we will denote by g the rotation of 27r//i, which is a generator of 
nee 

Ch = {g^g\ . . where g° = Id, g'' = g o . . . o g for k = 1, . . . , h - 1. 



Ch, hence 



A function u G Hq{Q) is said to be G-symmetric if 

u{'jx) = u{x) for any 7 G G and a.e. x in Q. 



Moreover given a solution Up of (£p) we recall that we denote by Zp the nodal set of Up, 
namely 

Zp = {x E Q \ Up{x) = 0} . 
Finally in the sequel we may call in short curve the image of a curve. 



Lemma 4.1. Let Up be a G- symmetric sign- changing solution to (Sp) with at most four 



nodal regions. Then its nodal line does not passes through the origin O. 

Proof. We recall first that if a point xq eVL belongs to the nodal set, then there exists a 
positive radius R such that {^^^(0)} fl B{xq,R) is made of 2n G^-simple arcs, for some 
integer n, which all end in xq and whose tangent lines at xq divide the disc into 2n angles 
of equal amphtude (see |H] or Theorem 2.1 of [9]). 

Assume by contradiction that O G Zp. By the properties of the nodal set just recalled we 
have that there exists a ball := {x G M^, |x| < r} such that there exists x & Zpd dBr 
and a regular curve 'y^ G Zpd B^ joining O to x having the following properties: 

1. 7^ \ {x] C Br, 

2. 7^ n g\-i^) = {O}, for any i = 1, . . . , /i - 1 

3. 7^ C ODq , where is a nodal domain where Up > (and so, by the strong 
maximum principle, also 'jx C ODq , where is a nodal domain where Up < 0) 

Because of the symmetry, for any i G {1, . . . ,h — 1} the curve 'jgix := g^'jx) C ZpH Br 
joins O to g'^x and satisfies the analogous properties: 

1- Ig^x \ {g'x} C Br, 

2. %ix n Jgjx = {O}, for any i ^ j 

3. 7,«x C dDl, where := g^D^) and 73-x C d{Dr) where D; .= g\D^). 
Clearly by construction the sets {Df fl By) are pairwise disjoint. 

Moreover, let us fix two points in fl dB^, by symmetry for any i E {1, . . . ,h — 1} 
df := g^{df) G DfndBr- Since Df are connected, there exist two piecewise regular curves 
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: [0, 1] — (-Dq U {0}) joining the points O and , more precisely such that 7^(0) = O 
and 7^(t) e for any t G (0, 1]. For any z G {1, . . . , /i - 1}, we set jfit) := 5(*(7^(t)). 

If the nodal domains , k = 0, . . . ,h — 1 were pairwise disjoint, then Up would have at 
least h + 1 > 5 nodal domains (at least h where it is positive and at least 1 where it is 
negative), which leads to a contradiction. 

Hence we can assume that D'^ = for some k ^ j. 

First we show that in this case Dq = Df = . . . = D^_^. 

This is a direct consequence of the symmetry in the case j = k + 1 (or j = when 
k = h — 1), indeed for every i = 0, . . . , h — 1 one has 

When j 7^ + 1 (or j 7^ in the case k = h — 1) we need to exploit more the properties of 
M^. Let us assume without loss of generality that k = < j. Being Dq = connected, 
there exists a piecewise regular curve ip^ connecting and rf^ in Dq. 
By definition of and since O ^ (p~^, then there exist p G (0, r) and tp G (0, 1) such that 

7o+(t) C Bp for t < tp, while Wp n ({7o'"(^), ^ > tp} U ip+) = 0. 




Figure 1. h = A, = DJ 

Then by construction and by symmetry (see Figure [T] where k = 0, j = 2) the curves 

r+ := {iUt)^t> tp} u ^+ u {l^{t),t> tp} 
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and g{T^) are two piecewise regular curves connecting respectively aQ := 'j^ Ci dBp with 
a+ := 7+ n dBp in \ Bp and := 7^+ H dBp with a+^i := 7+^1 H 95p in \ Bp. Since 
the points , a]^, a^, a^_^j^ are ordered on dBp (namely there exists 6^ G such that 
at = pe'<, where ^+ := 9+ + ^, % e {0, + and < ^+ < 9+ < 9+^^ < + 27r), 
it follows that r+ fl g{T^) ^ 0. Thus = Df and we are back to the case in which 
j = k + l. 

So we have proved that = = . . . = -D/[Li- Next we show that this implies that 
the sets , i = 0, . . . , h — 1 are pairwise disjoint, so that we again reach a contradiction 
because Up would have at least h + 1 > 5 nodal domains and this concludes the proof. 

So it remains to prove that if Dq = = . . . = D'^_i then the sets D~ , i = 0, . . . , h — 1, 
must be pairwise disjoint. 




Let us suppose by contradiction that = Dj for some k < j and as before we assume 
without loss of generality that k = 0. Since by assumption we also have Dq = then, 
similarly as before, we deduce the existence of p G (0, r) such that we can construct 
(exploiting 7^ and 7^*") two piecewise regular curves C {Dq \ Bp) joining respectively 
:= To" n Bp with := 7^*" fl Bp. By definition of af and we derive the existence of 
G M+, < |^+-0o I < f , such that = pe'^o and af = pe'^f , where 9f -.= 9^ + ^.^ 
without loss of generality we assume 9q < 9q , then we get that aj" , Oq , a^^, aj are ordered 
on dBp in the following sense: 9q < 9q < 9f < 9~ < 9q + 27i. In turn this implies that 
F"*" n r~ 7^ since < on F"*" while Up > on T~ (see Figure [2]). □ 
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Lemma 4.2. Let Up he a G-symmetric sign- changing solution to [Sp] with at most four 
nodal regions, then each nodal region is G-symmetric. 



Proof. By Lemma we have that O is in the interior of a nodal domain ^Iq. 
It is easy to show that Qq is G-symmetric, indeed if this is not the case there exists x G fio 
and k G {1, . . . , h — 1} such that g''{x) ^ Qq. Since Qq is connected then there exists a 
piecewise regular curve 70 C flo joining O with x. By symmetry the curve (7^(70) connects 
O with g''{x) and Up{g'' (joit)) = Up{'jo(t)) 7^ for any t G [0, 1]. So the union of the two 
curves joins x with g''{x) and is contained in Qq, which is a contradiction. 

Let us consider now a nodal domain D of Up in Q \ Qq and we assume by contradiction that 
it is not G-symmetric, namely that there exists jG{1,...,/i — 1} and x G -D such that 
g^{x) ^ D. Note that without loss of generality we can take j = 1, otherwise g{x) G and 
by the action of the group g^{x) G D for any j. We can divide the proof in two possible 
cases. 

Case 1. If for any i G {1, . . . , /i — 1} ^ Z), then the sets g\D), i G {0, . . . , /i — 1}, are 

h disjoint nodal regions in which Up has the same sign, hence Up has at least /i + 1 > 5 
nodal regions which is a contradiction against the assumption. 

Case 2. If there exists k G {2, . . . ,h — 1} such that g^{x) G D, then either g^ generates 
Ch or g'^ generates a proper subgroup Ci of Ch, < i < h. In the first case we reach 
a contradiction since g{x) = g^™'{x) G -D for a certain m G N. In the second case we 
consider a piecewise regular curve 70 in connecting x with g^{x) and define a new 
curve 7 := 7o U (7'^(7o) U . . . U (7^'^(7o). By symmetry this is a closed curve in D, around 
the origin. 

Of course also (7(7) is a closed curve around the origin. Then (7(7) H 7 7^ otherwise 7 
would lie on one side with respect to (7(7) and then the diameter of 7 would be different 
from the diameter of (7(7) which is impossible since g is an isometry in M?. Hence (7(7) 
and 7 intersect and this implies that g{x) belongs to D which is a contradiction. □ 



Lemma 4.3. Let Up he a G-symmetric sign-changing solution to {£p) with at most four 
nodal regions, then its nodal line does not touch the houndary. 



Proof. Let us suppose by contradiction that there exists a solution Up of [Sp] having the 
nodal set which touches the boundary, namely 

Zp^Q := Eppai] = 0. 



To reach the contradiction, we will show, exploiting the symmetry, that if Up had a nodal 
line touching the boundary, then it would have at least 4 nodal regions. 

We fix a smooth parametrization : [0, 27r) — )■ dVt of the boundary of VL and henceforth, 
given two points x,y E dfl (such that < we will keep the following 

notation: 

^■.= {m\r\x)<e<r\y)}- 
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Let us notice that Z^f^ cannot contain any open subset of (9f2, namely 

^ Z/i, Z/2 G dVt such that ^1^2 C 2p,o- (4.1) 

Indeed, if for some yi, 1/2 ^ 1/1^2 C 2p,o; then we would have that 

7/1^2 C d{up{x) > 0, a; G f2} and C d{up < 0, a; G ^2}, 

but this is impossible by Hopf Lemma. Anyway, this also follows by results on the nodal 
hue of [8j and [9j. 

From the latter considerations and from the closeness of Zyf) we deduce the existence of 
< < Qu < 2vr such that 



M 



n z.. 



p,0 



and 



0, 



M 



) e Zpfl. 



(4.2) 



It will be convenient to assume, up to a reparametrization, that Om = 0. 



Let us consider 

ao := (f){0), ai := g{(j){0)), 02 := /(</>(0)), . . . , a^-i 
and 

60 := <P{eM), h := 9{H0m)), h ■■= g\Hhi)), . . . , fch-i := /"^((/-(^m)). 
By the symmetry of Up for any i E {0, . . . , h — 1}, ai, hi G 2p,o and aj6j fl Zp^o = 



4.2 



We will denote by D the nodal domain of Up having ao&o in its boundary. By Lemma 
D is G-symmetric and therefore it has also ai6i, . . . , ah-ihh-i in its boundary. 
Moreover 60 necessarily belongs to the boundary of two disjoint nodal regions where Up 
has different sign, because otherwise, since 60 ^ ^p.o, ^0 would be on the boundary of two 
disjoint nodal regions in which Up has the same sign, but this is impossible by the strong 
maximum principle. The same applies to the points 61, ... , hh-i. 

hi di 




Figure 3. The DiS are pairwise disjoint. 
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Thus, if Up\d > (respectively < 0), for any i = 0, . . . , h — 1 there exists an open con- 
nected nodal region Di having 6j in its boundary and in which Up is negative (respectively 
positive). On the one hand by Lemma 4.2 all the Dj's coincide, being G-symmetric, but 



on the other hand it is possible to connect in D a point do of aobo with a point ci of 
aibi by a piecewise regular curve 7 (and analogously, for any zGl,.. .,/?. — 1, g^do) with 
g^ci) by g{'j)), and thus exploiting the properties of the Di's turn out to be pairwise 
disjoint (see Figure [s]). This contradiction concludes the proof. □ 

Remark 4.4. We point out that the last two lemmas hold true also for a domain Q of 
the following form: Q = Qi \ Qq, where O E flo o^nd VLq, VLi are G-symmetric. 



Proof of Theorem \1.3[ Let us start by defining 

ui := Mp,i,a and U2 := ■Up,2,a, 



(4.3) 



where u. 



are the functions defined in Corollary 2.4 With this choice of Ui and U2 



we consider the set Cp(Mi, M2) defined in (3.1 ). Then, by the results in the previous section 
and in particular by Theorem 3.11 we have that there exist ti, t2 G I^, ■ ^2 < such that 
taking the initial condition Vp^ = tiUi + ^2^2, the corresponding solution Vp{x,t) of [Vp] 
is global in time, sign changing for every fixed time, the cj-limit set u{vpfi) is nonempty 
and any function Up G w(fp,o) is a nodal solution of [Sp). 



Now with this special choice of the functions Ui and U2, using the energy estimates proved 
in Section [2| we show that if p is sufficiently large, any function Up G w(fp,o) has at most 
four nodal domains. Indeed since the energy is nonincreasing along trajectories, it satisfies 



Ep{up) < Ep{vpfl) 



(4.4) 



Thus, thanks to the energy estimate given by Corollary |2.4| it follows that for any e > 
there exists p^ such that for p> Pe 



pEp{up) < 4.97 ■ 47re + e. 



(4.5) 



Finally, (4.5) combined with the energy estimate in Proposition 2.5 implies that m„ has 



at most four nodal domains if p is sufficiently large. 



It is worth to point out that if the initial datum Vp^ of [Vp] is G-symmetric, then, by the 



uniqueness of the solution (see Proposition 3.1), the solution Vp{x,t) of [Vp) (for every 

fixed time) as well as any function in u{vp^o) turns out to be G-symmetric 

By this remark we immediately deduce that the solution Up we have found is G-symmetric 



and hence, by Lemma 4.1 and Lemma 4.3, its nodal line does not contain the origin and 



does not touch the boundary. 



Thus if Up has two nodal domains the proof is complete. 

Otherwise, if Up has more than two nodal domains we will choose a new G-symmetric 
initial datum - which will be nothing but a restriction of Up to a subset of Q given by two 
nodal regions - and we will restart the procedure. 
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More precisely let us first observe that in each nodal region z G {1, 
k = 4, the lower energy bound given by Proposition |2.5| holds, i.e. 



pEpiupXDi) > 47re - £ 
for any £ > 0, if p is sufficiently large. 



k}, A; = 3 or 



(4.6) 



By Lemma 4.2 we know that each nodal region is G-symmetric. We then choose two nodal 



regions, say D}^ and D^, where Up has different sign and consider the functions 



Ml 



UpXDl and U2 := UpXol 



(4.7) 



which are obviously G-symmetric. With this new pair of functions, having obviously dis- 
joint supports, we repeat the same argument applied at the beginning of this proof to 



the functions defined in (4.3). Thus, we obtain the existence of another G-symmetric, 
sign-changing initial condition Vp^ = tiUi + ^2^2, such that the corresponding solution Vp 
of {Vp), is global in time, G-symmetric and sign changing for every fixed time, the cu-limit 
set uj{vpfi) is nonempty and any function Up G oj^Vp^) is a nodal solution to (Sp) which 



satisfies by (4.6 ) 



pEp{up) 



< 
< 



pEpitiUi + t2U2) 

pEp{ui) +pEp{u2) 

k 

pEp{up) - ^pEp{upXD0 



1=3 



< 4.97 ■47re+ e -J^pEpiupXD^ 

1=3 

k 

< 4.97 •47re-^47re+ e 



(4. 



i=3 



where k G {3,4} is the total number of nodal regions of Up. 



Then if = 4, again by (4.6), we get that m„ has two nodal regions and it is the required 



solution of (£p). U k = 3 Up may have 3 nodal regions and so, if this is the case, we restart 



the same procedure by considering the restriction of Up to only two nodal regions and get 
our final assertion. □ 



We conclude proving Theorem 1.4 



Proof of Theorem i.^, In the first part of this proof we will follow closely the paper 
where it is proved an analogous result in the case of a ball or an annulus. For sake of 
clarity we repeat briefly the argument. 

Without loss of generality we assume that the symmetry line is the a:2-axis 



X 



{Xi,X2) G 



,xi = 0} 
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and we consider the half-domains 

fl~ = {x = (xi, X2) E Q,xi < 0} , = {x = {xi, X2) E Q,xi > 0} . 

We denote by L the hnearized operator, L = —A — p\up\^^^^ and by the eigenvalues 
of L in with homogeneous Dirichlet boundary conditions. Moreover, let fi be the first 
eigenvalue of L in Q~ , namely /i is such that there exists a solution ip to 

—A'ip—p\upf~'^ip = Hip in ip = on (9fi~, ip > ondfl~. 

Proposition 2.1 of [3] implies that the odd extension of ip to Q, defined by 



'ip{xi,X2) :-- 



iIj{xi,X2) if ixi,X2) e CI 

-1p{-Xi,X2) if (xi,X2) e 



is an eigenfunction for the linearized operator L in Q with corresponding eigenvalue 
Hence fi = A/3, with (3 >2. 

Next we consider the partial derivative |^ in f2~ and we observe that, by the symmetry 

of Up in the Xi direction, = on dri~ H T. Furthermore, since the nodal line of Up 
does not touch the boundary, we can assume that Up > near dQ so that the convexity 
of Q in the xi direction implies that > on dQ~^ fl dQ. Thus solves 

^ ^ axi — axi 

-Ai^)-p\upr'^ = inn-, ^>0 on on-. (4.9) 
0x1 0x1 0x1 

Besides, since Up is sign-changing, also |^ must change sign and be negative somewhere 
in Q~ . Therefore there exists a connected region D strictly contained in Q~ such that 
1^ < in D and 1^ = on dD. 

0x1 axi 

Hence, the first eigenvalue of L in D is zero and so the first eigenvalue fi in Q~ is negative. 
Since Ai<A/3 = /i<0we have already obtained two negative eigenvalues of L. We 
denote by (pi and 0/?, respectively, the positive eigenfunction corresponding to the first 
eigenvalue and the eigenfunction corresponding to A/3, obtained as the odd extension of 
the first eigenfunction of L in Q~. Clearly 0/3 is sign-changing and is not G-symmetric. 

On the other hand if we restrict our attention to the subspace if*^ of of G-invariant 

functions, we see that L'^ := L\jjg has at least two negative eigenvalues (Af , A^) being 
Up a sign-changing solution in H'^. These eigenvalues cannot be equal to A^: the first 
one Af for obvious reasons and Af^ because its eigenfunction is G symmetric while the 
eigenfunction corresponding to A/3 does not changes sign in Q~ and is odd with respect 
to T. This proves that m{up) > 3. □ 

Remark 4.5. Note that if Q is symmetric with respect to two orthogonal lines Ti, T2 



in M then m{up) > 4 since the same proof of Theorem I.4 yields the existence of two 



negative eigenvalues of L, whose corresponding eigenfunctions are odd with respect to Ti 
or T2 and have only two nodal regions. 
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